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Solution 1 (Vorwértskinematik, Denavit-Hartenberg)

1. Interpretation of a Pose

i) BCOST .+ describes a rotation around the z axis by 30° and a translation by 3 in
x-direction.

ii.) The robot is positioned at (3,0,0)".
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1 0 0 0
111) V. root = 0 » Vy,root = 1 y Vzroot = 0 » Vo,root = 0
0 0 1 0

. BCS : .
iv.) Vvpogs = Ty oot * Vyoot, specifically:

W3 -1 03 1 3+1V3 3113
0 0 10 0 0 wBes 2
0 0 01 1 1
Similarly:
2 3 3
Vy.BCS = %\/g v.cs = | 0] vopecs= [0
0 1 0
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2. Conversion Between Coordinate Systems
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3. Local and Global Transformation
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ii.)

0o -10 32

1 0 0 2v3
BCST;EranS,L =T BOS Troot = 0 0 1 25/_

0O 0 0 1

3 —
iii.)

0 -1 0 3

1 0 00
BCS,-Tt'rans,R =B0S Troot T = 0 0 1 0

0 0 01
1. ]

X position

iv.) From the left: global transformation, from the right: local transformation
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Solution 2 (Vorwértskinematik, Denavit-Hartenberg)

1. Transformations of coordinate systems

i.) 6 =0° dy =60mm, a; = 0mm, «; = 180°

2. DH parameters

Joint 0 d a a
J1 90° + 6, 500 mm 0mm 90°
J2 90° + 6, 200 mm 0mm 90°
J3 0° 250 mm + d3 0 mm 0°
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Solution 3

1. DH Parameters of the Crane

X2

Y2

X3

z
https://thenounproject.com/term/crane/2225/ 0
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(CC Attribution 3.0)
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Figure 1: Structure of the crane

Joint 0 d a a
Joint 1 61 4 90° 20 0 90°
Joint 2 0° 2<dy <15 0 90°
Joint 3 0° 0<d; <20 0 0°
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Transformation matrix of the end effector

Toy =
1
0
Ty, =
0
0
1
0
Toz =
0
0
ToaT1 2153

cos(6y 4 90°)
sin(6; + 90°)
0
0

cos(6y 4+ 90°)
sin(6; + 90°)
0
0

o = O O

[ e =)

cos(6y + 90°)
sin(6; 4+ 90°)

0
0

0 0
1 ds
0 1

0
0 dg]

0
0
1

sin(f; +90°) 0
—cos(6; +90°) 0

sin(f; +90°) 0
—cos(f, +90°) 0

0
0

sin(f; +90°) 0
—cos(f; +90°) 0

0
0

0
0

20
1

sin(6; + 90°)d,
—cos(6y +90°)d,
20
1
sin(6; 4 90°)d,
—cos(f1 + 90°)d
—d3 +20
1

153
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2. General Jacobian matrix of the end effector

= sin(Ql + 900)d2
= —cos(fy +90°)dy
—d3 + 20

@™ o e 8

~—

cos(f) sin(«

Ny

or
06,
9y
06,
0z
8_91 =0
or
ddy
Jy
dds,
0z

== =
0dy

= asin(—n,) = asin(—0) =0

0, =0, cos(f)cos(a) =a,=—-1=a=m

= atan (™) = agan (S0 90
cos(61 + 90°)

= cos(f; +90°)d,

= sin(#; +90°)d,

= sin(91 + 900>

= —cos(f; +90°)

) = atan(tan(6; +90°)) = 6, + 90°

x and y do not depend on ds, so that its derivation with respect to dz is 0. The

derivation of z with respect to dsz is —1.

a, # and v do not depend on dy and ds, so that the respective derivations are 0. Only ~
depends on 6, with the partial derivation with respect to #; being 1. The derivations

with respect to o and f are again 0.

Thus, the resulting Jacobian matrix .J is:

cos(0; + 90°)ds
sin(6; + 90°)ds
0

0
0
1

sin(f; + 90°)
—cos(6y + 90°)
0

0
0
0

0
0
-1
0
0
0

To get the Jacobian matrix for specific end effector configurations, 6y, ds, d3 need to be

substituted in J by their respective values.
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3. Calculation of the end effector velocity

i)

~10 0 0
0 1 0
1
0 0 —1
J(ai)p1 = 1| =
0 0 0
1
0O 0 0
1 0 0
ii.)
—-10 0 O
0 1 0
-1
0 0 —1
J(q1)p2 = -1 | =
0O 0 0
0
0 0 0
1 0 0
iii.)
0 -1 0
-2 0 0
-1
0 0 -1
J(a2)p2 = —1 | =
0 0 0
0
0 0 0
1 0 0
iv.)
0 -1 0
2 0 0
2
0 0 -1
J(q2)ps = ~1 | =
0 0 0
2
0 0 0
1 0 0
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Alternatively, the Jacobian matrix for a specific configuration can be determined with-
out previously calculating the general Jacobian matrix. The i-th column of the Jaco-
bian matrix is calculated as follows, as known from the lecture:

V.
i.) Translation along axis v;: agé‘?) = "] eRrS
' 0
ii.) Rotation around axis v;, with the joint positioned at r;:
Bg(q) _ Vi X (fposition<q) - ri) e RG
qai
Vi

Let f(q) be the function describing the pose of the end effector in the basis coordinate
system. Example for the calculation of the Jacobian matrix for the configuration q:

e Joint 1 rotates around the z-axis that is located at the origin:

0 ~10
38f(011) _ e, x (f(qi1) —0) _ e, X 10 | -0 B 0
qd1,1 . 0 ;
e, c.

e Joint 2 gets moved along the y-axis, as the crane is rotated by 90°:

€y

0

Of(a1) __

dqi,2

e Joint 3 moves along the negative z-axis, as the zero position of the joint is at
+20m:

ofta) _ [ T
0q1,3 0

Using the results for joint 1, joint 2 and joint 3 as columns of the Jacobian matrix,
this results in:

—-10 0 O

0 1 0

0 0 -1

J(ai) = 0 0 0
0O 0 0

1 0 0




